Abstract. Let S be a certain affine algebraic surface over Q such that it admits a regular map to A 2 /Q. We show that any nontrivial torsion line bundle in the relative Picard group Pic 0 S/A 2 can be pulled back to ideal classes of quadratic fields whose order can be made sufficiently large. This gives an affirmative answer to a question raised by Agboola and Pappas, in case of affine algebraic surfaces. For a closed point P ∈ A 2 /Q, we show that the cardinality of a subgroup of the Picard group of the fiber S P remains unchanged when P varies over a Zarisky open subset in A 2 . We also show by constructing an element of odd order n ≥ 3 in the class group of certain imaginary quadratic fields that the Picard group of S P has a subgroup isomorphic to Z/nZ.
Introduction
Notations: Given a point P in a surface defined over Q, by S P we mean a fiber; by Q(S P ) we mean the field of definition of S P ; by A 2 we mean an affine plane; for a number field K, by O K we mean the ring of integers of K.
Let S be an affine algebraic surface defined over Q and it admits a regular map to A 2 over Q. One of the goals of this paper is to give an affirmative answer to the following question in case of imaginary quadratic fields. Question 1.1. Let L be a non-trivial line bundle in the relative Picard group Pic 0 (S/A 2 ). Is it possible to some find points P ∈ A 2 (Q) for which the pull back of L at P is a non-trivial ideal class of the number field Q(S P )?
This a special case of a question raised by Agboola and Pappas in [1] . Gillibert and Levin [11] affirmatively answered the question raised by Agboola and Pappas in the case of torsion line bundles on a hyperelliptic curve. Gilliber [13] also considered a similar question in case of non-trivial line bundles of degree zero on certain hyperelliptic curves which are not torsion.
Another goal of this paper is to show for a closed point P in A 2 /Q that the cardinality of certain types of subgroups of the Picard group of the fiber S P remains constant when P varies over a Zariski open subset in A 2 . Moreover, we show that this Picard group has a subgroup isomorphic to Z/nZ by constructing an element of odd order n ≥ 3 in the class group of ertain families of imaginary quadratic fields. Producing an element of a given order in a class group of an imaginary quadratic field (in fact, any number field) provides more informations about the class group than showing the divisibility of the class number of the same field. However, the divisibility properties of the class number of a number field help us to understand the structure of class group. Many families of imaginary quadratic fields with class number divisible by a given integer n ≥ 2 are known. Most of such families are of the type Q( √ k 2 − λt n ), where k and t are positive integers with some restrictions, and λ = 1, 2, 4 (for λ = 1 see [2, 12, 16, 17, 22, 26] ; for λ = 2 see [7, 15] and for λ = 4 see [6, 14, 20, 28] ). Here, we consider the family K k,p,n = Q( k 2 − p n ), where k, n are positive integers and p is an odd prime such that k 2 < p n . We produce an ideal class of order n in K k,p,n , and then we use this ideal class to show that the Picard group of the fiber S P has a subgroup which is isomorphic to Z/nZ. The main idea that used to connect the two concepts of n-divisibility is to understand the fiber of the natural map from the relative Chow schemes to the relative Picard scheme associated to a flat family of projective schemes.
Torsion in the Picard group of certain algebraic surfaces
In this section, we will show that certain algebraic surfaces have n-torsion elements in the Picard group. We begin section with the algebraic surface defined by
over Q. Its co-ordinate ring is given by
We now consider the maximal ideal (t − m, z − ℓ), for some algebraic numbers m, ℓ, in the polynomial ring Q[t, z]. We also consider the map
which is defined by t → t, z → z and the map Q[t, z] → Q which is given by
Then the tensor product
n is irreducible over Q, then the above co-ordinate ring is isomorphic to L, where L is the imaginary quadratic extension of Q given by adjoining a root of p(y). Therefore if we consider the family
then the fibers are the ring of integers of Q( m 2 q 2 − ℓ n ). For a given flat morphism of projective schemes X → B, we consider the scheme, C 1 d (X/B) which is the Chow scheme of relative codimension one subschemes of X → B of degree d, that is
. In this set up, we consider the following:
The proof of the following theorem is based on the idea introduced by Mumford in [21] . This idea had been used and elaborated by Roȋtman in [23] and Voisin in [27] and also present in [3] . 
where γ is a positive divisor on X b . In other words, we have the following map:
(such a universal family exists, for example see [18, Theorem 1.4] ). This gives a morphism from
Again, we consider the closed subscheme
Then one writes the fiber product
If we consider the projection from V to B × C 
u . This implies that there exists an
as well as the image of g and h are contained in
as well as it satisfies the following:
On the other hand, we assume that (b, A, B) belongs to
and image of f is contained in the Chow scheme of the fiber X b .
We now compose f with the projections to
Also, the image of g and h are contained in the respective Chow schemes of the fibers X b . Therefore, we have
We are now in a position to prove that the closure of W
whose closure contains (b, A, B). Let U be an affine neighborhood of (b, A, B) such that U ∩W is non-empty. Then there is an irreducible curve C in U passing through (b, A, B). LetC be the Zariski closure of C in W . The map
is regular and W 
The next idea is due to Voisin in [Vo, Chapter 3] . Let us consider the case when X is a projective algebraic surface overQ fibered over a projective algebraic curve overQ. Then the fibers of the map X → B are projective algebraic curves. Moreover, the fiber X b is smooth for a general b ∈ B. We now consider the complexification of the above family. That is, we consider the map X C → B C , where X C = X ×Q C. Then there is a map
given by pull back. The set of all images of the torsions on Pic(X b ) under ϕ is a subgroup of the group of torsions in Pic(X bC ). We now consider the map
Let us consider the map Z → B. Then for any b ∈ B there exists a D supported on X b such that n[D] = 0 on Pic(X/B). If B C is connected then there exists a Z i such that the map from Z iC to B C is onto. Therefore, if U is the Zariski open set in B consisting of b such that X b is smooth then one gets a surjective map f : Z iC,U → U C . By removing a finite collection points from U C , one can assume that the map f is smooth and proper in the sense of underlying smooth manifolds. Hence, f is a fibration in the sense of differential topology. It is easy to see that f has finite fibers since these fibers contain torsion points on Pic(X b,C ). In fact, the torsion points are inside Pic 0 (X bC ), which is an abelian variety isomorphic to J(X b,C ), the Jacobian variety of X bC .
We now consider the first cohomology H 1 (J(X bC ), Q) which is also isomorphic to H 1 (X b,C , Q). We also consider the cohomology classes in H 1 (J(X bC ), Q) of the elements in the fibers of f, and let V b be its Q-span. Since the this map is smooth and proper, so that the cohomology classes in V b gives rise to a π 1 (U, b) module which is a π 1 (U, b) submodule of H 1 (X b,C , Q). Therefore, the cohomology classes of the torsion points on the fibers of Z iC,U → U C give rise to a locally constant sheaf L over U by the equivalence between locally constant sheaves and π 1 (U, b)-module representations. Hence, the dimension of the vector space V b over Q remains constant as U is connected. Thus, the cardinality of the finite group of torsions coming from Z iC,U → U C in Pic(X bC ) remains constant. This gives the following Theorem. We now consider a smooth projective curve C over an algebraically closed field K ⊂ C in the projective plane P 2 over K. Let U be an affine piece of C. That is, U is C minus finitely many points, viz. P 1 , · · · , P m . Consider the following localization exact sequence of Picard groups
Then the set of all torsion points in Pic(U) gives rise to elements of Pic(C) of the form nz such that nz = i n i P i , where P 1 , · · · , P m are the finite number of points that are deleted. As before, we consider a fibration of smooth projective schemes X → B overQ, where X is a surface embedded in P 3 such that each fiber X b is contained in a projective plane P 2 overQ and B is an algebraic curve. Suppose that the degree of the algebraic curve X b remains constant over a Zariski open set U in B. For an affine piece U b of the algebraic curve X b , we consider the following:
By the above assumption, this a finite-to-one map from P to U and the degree of this map is constant. For a given any b ∈ U, let us suppose the fiber P b contains the points P 1b , · · · , P mb . We define the set:
Then as a conseqeunce of Theorem 2.1 one gets the following result.
Corollary 2.2. Z d is a countable union of Zariski closed subsets in the ambient relative Chow scheme
, where X U → U is the pullback of the family X → B to U.
We consider the map ϑ
Since U is connected, so that there exists at least one i such that Z iC → U C is surjective. Therefore as in Theorem 2.2, it gives rise to a local system. More precisely, for each b ∈ U if one considers the π 1 (U C , b) module V b consisting of cohomology classes of the elements in the fibers of the map Z iC → U C in H 1 (X bC , Q), then the dimension of this vector space V b remains constant over U. Therefore, we have the following: Z . We denote it byS Z . We also consider the Chow scheme
and the subset
where P 1b , · · · , P mb are the points in the complement of S Z,b inside the Zariski closureS Z,b . Then by Theorem 2.1, we get the following result.
Theorem 2.4. The set Z d is a countable union of Zariski closed subsets in the Chow scheme.
Applying the same argument as in theorem 2.3, we see that there exists an irreducible Zariski closed subset Z i inside the relative Picard scheme Pic(S ZU → U), where U is Zariski open inÅ 2 Z , such that the complexification of Z i,C maps dominantly onto U C as well as the number of points in the fiber of this map is constant. Therefore, one gets the following: This concludes that given an element of order n in Pic(S Z,b ), one can find an element of the same order in Pic(S Z,b ′ ) for some b ′ ∈ U which is different from b. In §3, we will construct a subgroup in the class group of Q( m 2 q 2 − ℓ 2 ) which is isomorphic to Z/nZ. Then one can concludes by Theorem 2.5 that Pic(S Z,b ) has a subgroup isomorphic to Z/nZ.
Exponent of the class group of
In order to show that for each b in some Zariski open subsets of A 2 , the Picard group Pic(S Z,b ) has a sugroup isomorphic to Z/nZ, we prove the following result. We begin with the following crucial proposition on the solutions in positive integers x, n of the following equation, In order to prove this proposition, we need to recall the following result of Bugeaud and Shorey [4] . Before stating this result, one needs to introduce some definitions and notations.
Let F ℓ be denote the ℓ-th term in the Fibonacci sequence defined by F ℓ+2 = F ℓ + F ℓ+1 for ℓ ≥ 0 with the initials F 0 = 0 and F 1 = 1. Analogously, L ℓ denotes the ℓ-th term in the Lucas sequence defined by L ℓ+2 = L ℓ + L ℓ+1 for ℓ ≥ 0 with the initials L 0 = 2 and L 1 = 1. For λ ∈ {1, √ 2, 2}, we define the subsets
is an odd prime and r ≥ 1 is an integer},
except when λ = 2, in which case the condition "odd" on the prime p should be removed from the definitions of G λ and H λ .
Theorem I (Bugeaud and Shorey, [4] ). Given λ ∈ {1, √ 2, 2}, a prime p and positive co-prime integers D 1 and D 2 , the number of positive integer solutions (x, y) of the equation
is at most one except for
and
We also recall the following result of Ljunggren [19] which will be needed to prove Proposition 3.2.
Theorem II. For an odd integer n, the only solution (x, y, n) to the equation
in positive integers with y > 1 is (11, 3, 5) .
We also need the following result of Cohn [8] which talks about appearance of squares in the Lucas sequence.
Theorem III. The only perfect squares appearing in the Lucas sequence are L 1 = 1 and L 3 = 4.
, and hence (3.1) gives 2x 2 + 1 = 3 n . Therefore by putting y = 3 in (II) we see that (x, n) = (11, 5) is the only solution in positive integer of this equation.
We now assume that (d,
for some integer r ≥ 1. This shows that k 2 ≡ 3 (mod 4) which is not true. Finally, if (d, k 2 , p) ∈ H 1 then there are positive integers r and s such that 3ds
One can conclude by reading (3.4) modulo 3 that 3ds 2 − k 2 = 1 is not possible, and thus 3.4) becomes,
This equation together with (3.5) imply
This further implies (2k − 1)(2k + 1) = 3p r .
This leads to the following possibilities:
The first pair of equations imply 2 = 3p r − 1 which is not possible. Again, the last pair of equations implies k = 2, p = 5 and r = 1. Thus (3.5) gives d = 1 which is a contradiction. Hence by Theorem I, we complete the proof.
We now recall the following result [5, Proposition 2.1] which will be needed in the proof of the next result. 
We now prove the following result which is the main ingredient in the proof of Theorem 3.1. 
th power of an element in O K k,p,n for any prime divisor q of n.
Proof. Let q be a prime number such that q | n. Then q is odd since n is odd. We first consider the case when d ≡ 1, 2 (mod 4). Suppose α = a + b √ −d ℓ for some integers a and b. That is,
We now compare the real parts to get,
This shows that a | k and thus a = ±1, ±t or ±k for some proper divisor t of k. If a = ±1, then (3.6) implies
Reading this modulo d, we get k ≡ ± (mod d). This contradicts to (i). When a = ±t, then (3.6) becomes
As in previous case, reading this modulo d one gets t q ≡ ±k (mod d). This contradicts to (ii).
We now consider the remaining case when a = ±k. In this case, we
We take the norm on both sides to get,
Also we have,
Since q is a prime divisor of n, so that (3.7) and (3.8) together show that (|b|, n/q) and (m, n) are two distinct solutions of (3.1) in positive integers x and y. This contradicts to Proposition 3.2 We now consider the case when d ≡ 3 (mod 4). If α is an q th power of some element in O K k,p,n , then there are some rational integers a, b with same parity such that
If both a and b are even then one can proceed as in the case d ≡ 1, 2 (mod 4), and gets a contradiction to Proposition 3.2. Therefore one assumes that both a and b are odd. Taking norm on both sides, one gets 4p
Since a, b and p are odd, so that reading (3.9) modulo 8, we obtain 8) , so that by Theorem IV we obtain q = 3. Therefore,
We compare the real parts to get,
Since a is odd, so that a = ±1, ±k ′ for some odd divisor k ′ (other than ±1) of k. If a = 1 then (3.10) gives 8k = 1 − 3b 2 d. This is not possible as d and k are positive integers.
For a = −1, (3.9) and (3.10) become,
This further implies
For a = ±k ′ , (3.9) and (3.10) become,
This further implies p n/3 = k ′3 ± 2k 3k ′ . This again violates our assumption. Thus, we complete the proof.
We are now in a position to present the proof of Theorem 3.1.
Proof of Theorem 3.1. Let m be the positive integer such that
We note that gcd(α,ᾱ) = 1 and N(α) = αᾱ = p n . Therefore, we can write (α) = a n for some ideal a in O K k,p,n . We assume that A is the ideal class containing a in the class group of K k,p,n . If the order of A is less than n, then we obtain an odd prime divisor q of n and an element β ∈ O K k,p,n satisfying (α) = (β) q . Since d > 3 is square-free, so that the only units in O K k,p,n are ±1, and thus these units can be absorbed into the q-th power of β. Hence we obatin α = β q which contradicts to Proposition 3.3. Therefore, the order of A is n which completes the proof.
For an odd positive integer n not divisible by 3 and a fixed psoitive integer k, the conditions (i) and (ii) in Theorem 3.1 hold very often. This can be proved using Siegel's theorem on integral points on affine curves. More precisely, we prove the following result to show the infinititude of the imaginary quadratic fields of the form K k,p,n whose class group has an element of order n. We apply a celebrated theorem of Siegel [24] to prove this result. However for the shake of completeness, we give a proof of it.
Proof. Let n ≥ 2 be an odd integer not divisible by 3, and k an arbitrary positive integer. Let p be an odd prime such that gcd(p, k) = 1. Then by Theorem 3.1, the class group of K k,p,n has an element of order n except for t q ≡ ±k (mod d), where t( = k) is a divisor of k and q is a prime divisor of n. For t q ≡ ±k (mod d), one gets d ≤ k + t q . For any positive integer D, Dx 2 + p 2 = y n (3.11) is irreducible algebraic curve of genus bigger than 0 (see [25] ). Thus by Siegel's theorem [24] , it follows that there are only finitely many integral points (x, y) on the curve (3.11). Therefore for each positive integer d, there are at most finitely many primes p such that
As K k,p,n = Q( √ d), it follows that there are infinitely many fields of the form K k,p,n for each positive integer k. Furthermore from q 2 −p n = m 2 d, it follows that d > k + t q for sufficiently large k. Therefore by Theorem 3.1, the class group of K k,p,n has an element of order n for sufficiently large k.
Finally applying Theorem 3.1 and Theorem 2.5, we obtain the following result.
Theorem 3.5. Pic(S Z,b ) has a subgroups isomorhic to Z/nZ for a given odd integer n ≥ 3.
